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: $M$ $Q$ , 2 $q_{0},$ $q_{1}\in Q$
, $Q$ $q:$ $[0, T]arrow Q$ $q(0)=q_{0},$ $q(T)=q_{1}$
, $\pi$ : $Qarrow M$ $M$ $x(t)$ $=\pi$ ( $q$ (t))
. , $\pi(qo)=\pi(q_{1})$ , $G$ $g$ $q0^{\cdot}g=q_{1}$
, $g$ $M$ $x$ (t) . , $q0^{\cdot}g=q1$
,
. , .
: , $L$ , $A$
.
$4\pi A\leq L^{2}$ (1)
, . .
, (Dido) ,
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: $\text{ }\backslash \backslash \sim$ , $[1, 2]$
= [3] NMR(Nuclear Magnetic Resonance)
,
. 1991 [4] ,
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$M$ , $Q$ , .
, $q(0)=q_{0}$ , $q(T)=q_{1}$
, hard problem
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: $k<N$ $k,$ $N$ $S_{N,k}$ (C),
$G_{N,k}$ (C)
$S_{N,k}(\mathbb{C})$ $=$ $\{V\in M(N, k;\mathbb{C}) | V1V=I_{k}\}$ , (2)
$G_{N,k}(\mathbb{C})$ $=$ {$P\in M(N,$ $N;\mathbb{C}$) $|$ P$2=P,$ $P^{\dagger}=P,$ $\mathrm{t}\mathrm{r}P=k$} (3)
. $M$ (N, $k;\mathbb{C}$ ) $N\mathrm{x}k$ , $I_{k}$ $k$ . $\pi$ : $S_{N,k}(\mathbb{C})$
$arrow G_{N,k}(\mathbb{C})$
$\pi$ : $V|arrow P:=VV^{\uparrow}$ (4)
. $S_{N,k}$ (C) $U$ (k) :
$S_{N,k}(\mathbb{C})\mathrm{x}U(k)arrow S_{N,k}(\mathbb{C})$ , $(V, h)|arrow Vh$ . (5)
, $\pi(Vh)=\pi(V)$ , $U$ (k) $\pi$ :
$S_{N,k}(\mathbb{C})arrow G_{N,k}$ (C) . $U$ (N)
$U(N)\mathrm{x}S_{N,k}(\mathbb{C})arrow S_{N,k}(\mathbb{C})$ , $(g, V)\vdash+gV$, (6)
$U(N)\cross GN,k(\mathbb{C})arrow G_{N,k}(\mathbb{C})$ , $(g, P)|arrow gPg\dagger$ (7)
. , ,
$\pi$ : $S_{N,k}(\mathbb{C})arrow G_{N,k}$ (C) . ,
$||$dV $||^{2}=\mathrm{t}\mathrm{r}(dV^{\uparrow}dV)$ , $||$dP $||^{2}=\mathrm{t}\mathrm{r}(dPdP)$ (8)
, , . $\pi$ :
$S_{N,k}(\mathbb{C})arrow G_{N,k}$ (C) ,
$A=V^{\uparrow}dV$ (9)
. , , $V$ (t)
$S[V, \lambda]=\int_{0}^{T}\{\mathrm{t}\mathrm{r}(\frac{dV^{1}}{dt}\frac{dV}{dt})-\mathrm{t}\mathrm{r}(\lambda V^{\uparrow}\frac{dV}{dt})\}dt$ (10)
. $\lambda(t)\in \mathrm{u}(k)$






) . $V$ (t) $\eta(t)\in \mathrm{u}(N)$
$\eta(0)=\eta(T)=0$ , $\epsilon\in R$
$V_{\epsilon}(t)=(1+\epsilon\eta(t))V(t)$ (12)
. , $V_{e}$ (t) (10) $\epsilon$
:
$0= \frac{dS}{d\epsilon}|_{e=0}$ $=$ $\int_{0}^{T}\mathrm{t}\mathrm{r}\{\dot{\eta}$ (VV$\dagger-\dot{V}V^{\uparrow}-V\lambda$ V\dagger )} $dt$
$=$ $[\mathrm{t}\mathrm{r}$ {\eta (VV $\dagger-\dot{V}V^{\uparrow}-V\lambda$V
$\dagger$)}$]_{t=0}^{t=T}$
$- \int_{0}^{1}\mathrm{t}\mathrm{r}\{\eta\frac{d}{dt}$(VV$\dagger_{-\dot{V}V^{\uparrow}-V\lambda}$V\dagger )} $dt$ . (13)
$\eta(0)=\eta(T)=0$ , .
$\frac{d}{dt}$ ( $\dot{V}V^{\uparrow}-V\dot{V}^{\uparrow}+V\lambda$V$\dagger$) $=0$ (14)
. $\lambda(t)$
$V \dagger\frac{dV}{dt}=0$ (15)
. $V$ (t) (9) .
: (14), (15)
. [9] ,
. . (14) 1
$\dot{V}V^{\uparrow}-V1^{\cdot}\dagger+V\lambda V^{\uparrow}=$ const $=X\in \mathrm{u}$(N). (16)
(15)
$\dot{V}^{\uparrow}V$ $=0$ .











$\lambda(t)=V^{\uparrow}XV=$ const $=\Omega\in \mathrm{u}(k)$ (19)
. (17) $\dot{V}=XV-V\Omega$ , $X$ $\Omega$
$V(t)=e^{tX}V_{0}e^{-t\Omega}$ (20)
. , (19) $V\mathit{0}$
$\lambda(t)=\Omega=V_{0}^{1}XV0$ (21)




$X-$ \sim ’V\dagger X $+XVV\uparrow-$ VV\dagger XVV $\dagger$ ) $=0$ (22)
.
$\ovalbox{\tt\small REJECT}=(\begin{array}{l}I_{k}0\end{array})\in S_{N,k}(\mathbb{C})$ (23)
. $U$ (N) , .
$N$ $X$ :
$X=$ (24)
$W\in M$ (k, $N-k;\mathbb{C}$), $Z\in \mathrm{u}(N-k)$ . (22)
$Z=0$ (25)
. (14), (15) , $\Omega\in \mathrm{u}(k)$ $W\in M$ (k, $N-k;\mathbb{C}$ )
$V(t)=e^{tX}V$o $e^{-t\Omega}$ , $\lambda(t)=\Omega$ , $X=(\begin{array}{ll}\Omega W-W^{\uparrow} 0\end{array})$ (26)
. $X$ .
: $P(t)=\pi$ ( $V$ (t))
, $P(T)=P$(0),
$e^{TX}V$5v$0^{\dagger}e-TX=V$dv$0^{\dagger}$ (27)
, $V$ (T) $V(T)=V$(0). $\Gamma$ $\Gamma\in U$ (k) ,
$\Gamma=V^{\uparrow}(0)V(T)=V_{0}^{\dagger}e^{TX}V_{0}e^{-T\Omega}$ (28)
56
. , $\neg-\backslash \Gamma\sim$
. , (26) (11)
$S= \int_{0}^{T}\frac{1}{2}$tr $( \frac{dP}{dt}\frac{dP}{dt})dt=\mathrm{t}\mathrm{r}(W^{\dagger}W)T$ (29)
. , $U\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}\in U$ (k) $\Gamma=U_{\mathrm{g}\mathrm{a}}\mathrm{t}\mathrm{e}$
, $P(T)=P$(0) $X$ . (27), (28)
$X$ . , , (29)
. $U$ (y
, $U$ (k) $U$ (y .
$\mathrm{U}(1)$ : $N=2,$ $k$ =1 . $\pi:s_{2,1}(\mathbb{C})arrow$
$G_{2,1}$ (C) $U$ (y $\pi$ : $S^{3}arrow S^{2}$ .
. $T=1$ . $w_{1},$ $w_{2},$ $w$3
$X=(\begin{array}{ll}2iw_{3} iw_{1}+w_{2}iw_{1}-w_{2} 0\end{array})$ $=iw_{3}I+i \sum_{j=1}^{3}w_{j}\sigma_{j}$ (30).
.
$e^{tX}=e^{itw_{3}}$ (I $\cos\rho t+in\cdot y$ $\sin\rho t$ ) (31)
.
$\rho:=||$w $||$ , $w=||$w$||$n(32)
.
$V(t)=e^{tX}V$0 $e^{-t\Omega}=e^{-itw_{3}}(\begin{array}{l}\mathrm{c}\mathrm{o}\mathrm{s}\rho t+in_{3}\mathrm{s}\mathrm{i}\mathrm{n}\rho t(in_{1}-n_{2})\mathrm{s}\mathrm{i}\mathrm{n}\rho t\end{array})$ (33)
, $S^{2}$
$P(t)$ $=$ $V(t)V^{\uparrow}(t)$
$=$ $\frac{1}{2}$ $I+ \frac{1}{2}\sigma\cdot[n(n\cdot e_{3})+(e_{3}-n(n\cdot e_{3}))\cos 2\rho t-(n\mathrm{x}e_{3})\sin 2\rho t]$ (34)
. $e_{3}=(0, 0, 1)$ $n$ $2\rho t$ ,
. $1\mathrm{J}$ $t=1$ $S^{2}$ , $2\rho=2\pi n$ ,
$\rho=||w||=n\pi$ $(n=\pm 1, \pm 2, ...)$ (35)








. $\phi$ . $n$ $(n\pi)^{2}-(n\pi-\gamma)^{2}>0$
. $n$ . $S^{2}$
$S=\mathrm{t}\mathrm{r}(W^{\dagger}W)T=(n\pi)^{2}-(n\pi-\gamma)^{2}$ (39)




$\mathrm{U}(\mathrm{k})$ : , $U_{\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}}\in U$ (k)
, $k$ $U$ (1) , $U$ (y $k$
, . $N=2k$
. , $T=1$ .
3 . 1 : $U_{\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}}$ :
$R^{\uparrow}U_{\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}}R=U_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(e^{i\gamma 1}$ , . .. , $e^{i\gamma k})$ . (41)
$R\in U$ (k). $\gamma j$ $0\leq\gamma j<2\pi$ . 2 : $k$
$\Omega$
di$\mathrm{a}\mathrm{g}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(i\omega_{1}, \ldots, i\omega_{k})$ , $\omega j=2$ ( $\pi-\gamma$j), (42)
$W_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(i\tau_{1}, ..., i\tau k)$, $\tau j=e^{i\phi}$j $\sqrt{\pi^{2}-(\pi-\gamma j)^{2}}$ (43)
. \phi .
$\tilde{X}=($ $-W_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}^{\dagger}\Omega_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}$ $W_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}0$ ) ( )
. $k$ . 3 :
$X=(\begin{array}{ll}R 00 I_{k}\end{array})($
$-W_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}^{\dagger}\Omega_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}$
$W_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}0$ ) $(\begin{array}{ll}R\dagger 00 I_{k}\end{array})=(\begin{array}{ll}R\Omega_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}R^{\uparrow} RW_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}-W_{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}}^{\uparrow}R^{\uparrow} 0\end{array})$ (45)
. (41)-(45) .








. $[11, 12]$ ,
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